A crystal plasticity model considering the hydrostatic pressure dependence is presented and validated using several numerical examples. Some metallic materials clearly show higher flow stress under uniaxial compression than that under uniaxial tension, and this phenomenon is called the strength-differential (S-D) effect. Since the S-D effect often occurs in iron-based materials, the understanding and modeling of its mechanical characteristics is important in industrial and engineering fields. The S-D effect may result from the hydrostatic pressure dependence of plastic deformation. Therefore, in this study, a crystal plasticity model is modified to account for this dependence. The proposed model is combined with the homogenization-based finite element method. This model adequately reproduces the S-D effect observed experimentally, thus its advantages over the previously introduced Taylor polycrystalline model, which overestimates the flow stress and fails to represent the strong inhomogeneity of hydrostatic pressure distribution at a crystalline scale, is highlighted. In addition, initial and subsequent plastic work contours are evaluated and a forming limit diagram is analyzed to characterize the new model.
Introduction
Conventional plasticity theories assume that plastic deformation is independent from hydrostatic pressure, 1) but this hypothesis does not hold true for certain metallic materials.
2)
These materials present different experimental flow stresses under uniaxial tension and compression. Specifically, their initial and subsequent yield stresses under uniaxial compression are clearly higher than those under tension. This socalled the strength-differential (S-D) effect is often observed in the iron-based materials, [3] [4] [5] and it is thus important to have a theoretical understanding of and a development of a material model to represent this effect.
The hydrostatic stress sensitivity of yielding phenomena may explain the S-D effect. Several phenomenological material models involving the hydrostatic pressure dependence have been presented to describe this effect. [6] [7] [8] In addition, a crystal plasticity model considering the hydrostatic pressure dependence has been also proposed. 9, 10) The crystal plasticity model can naturally take into account mechanical behaviors at the crystal scale, and this is an important advantage over phenomenological approaches. It also reproduces the texture evolution of materials. Therefore, the crystal plasticity model may provide a powerful approach to practical problems. Previous studies introduced the Taylor-type polycrystalline model 11, 12) as a crystal plasticity model for presenting the S-D effect. 13, 14) This model assumed con-
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stant strain conditions, meaning that all crystal grains are subjected to the same strain. Although this approach was successfully used in a lot of previous studies, the Taylor model sometimes overestimates the flow stress because of its inability to represent the highly inhomogeneous deformation of individual crystal grains. 15) Modern polycrystalline models, such as those based on the homogenization-based finite element method, have also been suggested. 16, 17) The homogenization-based finite element method produces the mechanical properties of materials with an arbitrary microstructure as long as the microstructure is represented by a finite element model. Therefore, this approach may provide more realistic mechanical behaviors of polycrystalline metals than those for the Taylor model.
The present study combines a crystal plasticity model considering the hydrostatic pressure dependence with the homogenization-based finite element method. AISI 4330 steel is considered as an example, and several numerical examples are conducted to validate the proposed model. Mechanical properties at the crystalline scale, such as hydrostatic pressure and volumetric strain distributions, are investigated in addition to macroscopic flow stress. The effect of deformation inhomogeneity at crystalline scale is discussed along with the adequacy of the proposed model. Furthermore, plastic work contours and forming limit strains are computed to characterize the model.
Constitutive Model

Constitutive Equation for Single Crystals
In this study, the constitutive model is based on the visco-plastic type crystal plasticity model. 11, 12) and Kuroda 10) as
where the superscript (α) denotes a specific slip system, N is the total number of slip systems, and  γ α ( ) is the slip rate. The first term of Eq. (4) corresponds to the plastic part of the deformation rate tensor in the conventional crystal plasticity model, in which the plastic deformation is given by the sum of shear deformations on all slip systems. In this term, s (α) and m (α) are the shear direction and slip plane normal vectors, respectively. The second term of Eq. (4) represents the hydrostatic pressure dependence of plastic deformation. This term represents a volumetric expansion of plastic deformation. I is the second-order unit tensor, τ (α) is the resolved shear stress on the slip system given by τ (α) = s (α) ·(σ·m (α) ) for the Cauchy stress tensor σ, sgn(x) = 1 if x ≥ 0, and sgn(x) = −1 if x < 0. a is a material constant expressing the amplitude of plastic volumetric deformation, and Eq. (4) reduces to the conventional crystal plasticity model when a = 0. W p is calculated as follows:
The evolution equation of the slip rate  γ α ( ) is assumed to be the following form so that the slip rate also includes the hydrostatic pressure dependence. which are neglected here because material behaviors considering in the present study can be represented without these terms as shown in the following numerical results.
Extension to Polycrystal Model
Many approaches have been proposed to expand the single crystal model to polycrystalline materials. Specifically, the Taylor model offers a conventional and well-known method to achieve such an expansion for cubic metals. 13, 14) This model assumes the constant strain condition, i.e., all crystal grains are subjected to same strain. The Taylor model has been implemented in a crystal plasticity analysis considering the hydrostatic pressure dependence.
9,10) However, the Taylor model may be unsuitable for the present material model because the material model allows volumetric plastic deformation and the constant strain assumption may be too-strict constraint. Moreover, it sometimes overestimates the flow stress, even for a cubic metal.
15) Therefore, the homogenization-based finite element method 16, 17) is adopted in this study to realize a realistic deformation of polycrystals. The constitutive equation of the averaged polycrystalline material is written as
where σ o H ij is the Jaumann rate of the homogenized Cauchy stress, D ij 0 is the macroscopically homogeneous deformation rate, C ijkl tan and P ij tan are the constitutive tensors, and χ i mn and ϕ i are the characteristic displacement rates. In this framework, an arbitrary representative volume element (RVE) can be considered as long as an RVE can be presented by a finite element model. Consequently, an inhomogeneous deformation at the crystalline scale is naturally represented. The more detailed formulation is found in the reference. 15, 17) 
Numerical Results and Discussion
Analysis Condition
AISI 4330 steel is chosen as a representative material. Its Young's modulus and Poisson's ratio are set to 200 GPa and 0.3, respectively. The parameter m in Eq. (7) is 0.01. Because the material adopts a body-centered crystal structure, 24 slip systems, i.e., {110} < 111 > and {112} < 111 > systems, are considered. The reference slip resistance g (α) in Eq. (7) Here, all slip systems are assumed to have identical mechanical properties and follow Taylor's isotropic hardening, therefore, the components h αβ are expressed as , respectively. These parameters are chosen to represent an experimental result. Initial crystal orientations are randomly distributed, and the number of crystal grains is set to 512, which is considered sufficient to represent the polycrystalline behavior of cubic metals. 15) 
Model Validation
The proposed model and material parameters are validated through uniaxial tension and compression analyses. A prescribed deformation rate
= −  γ correspond to tension and compression, respectively. Other boundary conditions are given as σ σ Figure 1 shows the true stress-true plastic strain curves obtained by the present method under p = 0, i.e., at quasi-atmospheric pressure, in addition to experimental results 3) and the results obtained using the Taylor model. Flow stresses determined using the proposed model under tension and compression show good agreement with their experimental counterparts. The S-D effect is observed, i.e., tension clearly produces lower flow stresses than compression. Because the hydrostatic pressure is positive under tension and negative under compression, the slip resistance, which corresponds to the denominator in Eq. (7), decreases under tension and increases under compression. This results in the S-D effect observed in Fig. 1 . The Taylor model also represent the S-D effect, however, evaluated flow stresses exceed values obtained using the proposed model, consistent with a previous study on face-centered cubic polycrystals. 15) Flow stresses under uniaxial tensions and compressions are shown in Fig. 2 for hydrostatic pressures of p = 0, 552, and 1 104 MPa along with experimental results.
3) In this analysis, the hydrostatic pressure is imposed as the initial stress, meaning that σ 11 = σ 22 = σ 33 = −p at the initial state. Results obtained using the proposed model agree well with experimental values, validating the present method and material parameters.
In practical problems such as metal forming, tension and compression under plane strain and equibiaxial stretch conditions are also important deformation modes. The boundary condition of plane strain and equibiaxial condi- True stress-true strain curves obtained under plane strain and equibiaxial stretch conditions are shown in Fig. 3 , in which stress and strain of components along the x 1 direction are depicted. Both cases clearly exhibited a S-D effect and a quasi-similar hydrostatic pressure dependence to uniaxial tension. Figure 1 shows that the Taylor-type crystal plasticity model clearly overestimates the flow stress. A more detailed evaluation is conducted to understand the difference between the proposed and Taylor models. In polycrystalline plasticity analysis, mechanical properties are evaluated by averaging individual crystal grain behaviors. Since material response in each crystal grain affects macroscopic behavior, mechanical behaviors at the crystal grain scale should be investigated. Hydrostatic pressure histories of 20 crystal grains randomly chosen from the whole analysis domain consisting with 512 grains are determined under uniaxial tension. These histories are shown in Fig. 4 . The proposed model displays different hydrostatic pressures with respect to crystal grain. The hydrostatic pressure averages about 500 MPa at true strain of 5%. The maximum and minimum values in these 20 grains are approximately 1 200 and − 100 MPa, respectively. In addition, it shows a strongly inhomogeneous distribution. In contrast, hydrostatic pressures are almost identical in all crystal grains and present no inhomogeneity when the Taylor model is adopted.
Deformation Inhomogeneity at the Crystalline Scale
Because hydrostatic pressure strongly depends on volumetric strain, volumetric strain histories are estimated for the same 20 grains (Fig. 5) . These histories show similar trends to their hydrostatic pressure shown in Fig. 4 . The proposed model reproduces the inhomogeneous deformation of individual crystal grains, which exhibit different strains compared with the applied macroscopic strain. In addition, the volumetric strain presents inhomogeneity depending on crystal orientation. On the other hand, the Taylor model assumes that all crystal grains are subjected to identical strains to the applied macroscopic strain and volumetric strains of all grains are also identical. Note that the constitutive model in both the present and Taylor models allow volume expansion during plastic deformation, and the volumetric strain is sum of elastic and plastic volumetric strains. The hydrostatic pressure histograms of individual grains at true strain of 5% under uniaxial tension and compression are shown in Figs. 6(a) and 6(b) , respectively. These histograms consider all crystal grains in the analysis domain, and the average, maximum, and minimum values do not coincide with the results shown in Fig. 4 . Obtained hydrostatic pressures exhibit wide distributions under tension and compression. The results appear to be almost the normal distribution, and pressure maxima and minima deviate from averages by approximately 1 000 MPa. Hydrostatic stress values at true strain of 5% are listed in Tables 1 and 2 . In the tables, the average values and the standard deviations are denoted. Plane strain and equibiaxial tension and compression consistently give higher hydrostatic pressure absolute values than their uniaxial equivalents. The hydrostatic pressure standard deviation ranges from approximately 300 to 500 MPa and appears insensitive to the deformation mode.
Evaluation of Plastic Work Contours
Plastic work contours are determined to evaluate ini- tial and subsequent yielding behaviors of sheet material ( Fig. 7(a) ). This assessment assumes plane stress conditions ( σ 33 0 H = ) and several linear stress paths are imposed (σ σ
H H : = const.). For comparison, the results obtained for a hydrostatic pressure-independent model, for which material parameters a and b are set to zero, are also depicted in Fig.  7(b) . Initial crystal orientations are randomly distributed, and the number of grains is considered as sufficiently large. Therefore, yielding behaviors along the x 1 and x 2 directions are almost identical. The proposed model produces different contour shapes in tension and compression sides, i.e., the first and third quadrants in Fig. 7(a) . The contours slightly stretch according to the compression direction. In contrast, the hydrostatic pressure-independent model provides isotropic plastic work contours.
Dimensionless plastic work contours, in which the stresses are normalized by the flow stress under uniaxial tension along the x 1 direction and absolute values are plotted, are shown in Fig. 8 . The contours for compression exhibit a wider expanse than those for tension. Under tension, contour shapes are independent from the applied equivalent plastic strain and the hardening behavior is isotropic. On the other hand, these shapes slightly change with respect to the applied equivalent strain under compression. Surfaces slightly stretch in the equibiaxial direction, and the hardening behavior appears anisotropic. However, this anisotropy is not drastic and may be negligible in a practical analysis. Plastic work contours are evaluated using different material parameters characterizing the hydrostatic pressure dependence. Contours obtained for a = 0.00133 and b = 20 TPa 8(a) and 9(a) reveals that plastic work contours are almost identical for both tension and compression and parameter a affects the contour shape and subsequent yielding behavior to a small extent. In contrast, the difference between tension and compression increases, and anisotropic hardening under compression becomes stronger when parameter b is doubled. This result suggests that the hydrostatic pressure dependence in the present model is more sensitive to parameter b than parameter a. Contour shapes under tension are independent of both parameters a and b, and hardening behaviors under tension are isotropic in all cases.
Moreover, precise material modeling relies on the correlation between the plastic flow direction and the yield surface shape. The plastic flow direction θ is plotted as a function of the loading direction φ, as shown in Fig. 10 using the following equations: 11 for the deviatoric component of Cauchy stress ′ σ ij under plane stress conditions, also appears in Fig. 10 . Under the associated flow rule, the normal to the yield surface coincides with the plastic flow direction (normality rule). Here, plastic flow directions under tension and compression and the normal to the von Mises yield surface display a slight difference. Contour shapes for tension and compression ( Fig. 8(a) ) deviate from the von Mises yield surface to some extent, consistent with this difference. Therefore, the normality rule of plastic flow can be assumed in the proposed model under a linear stress path.
Forming Limit Analysis
Sheet formability is an important mechanical property in practical problems. Therefore, a forming limit analysis is conducted using the proposed model. Forming limit strains are evaluated by a Marciniak-Kuczyński (M-K) type approach. 18) A numerical procedure involving the homogenization-based finite element method has been formalized by Tadano et al. for M-K analysis. 19) Forming limit diagrams are shown in Fig. 11 for superimposed hydrostatic pressures of p = 0, 276, and 552 MPa along with results obtained using the hydrostatic pressure-independent model. The proposed model shows similar diagrams at p = 0 and 276 MPa compared to the hydrostatic pressure-independent model, although the forming limit strains under uniaxial tension slightly differ. Therefore, the formability of AISI 4330 steel is almost independent from the imposed hydrostatic pressure when the imposed pressure is low. In contrast, at p = 552 MPa, the forming limit strain increases significantly near the equibiaxial tension, suggesting that higher hydrostatic pressure may increase sheet formability for hydrostatic pressure-dependent materials. Also, the hydrostatic pressure effect, i.e., shear deformation is enhanced during press forming when high hydrostatic pressure is imposed to a specimen, sometimes plays an important role in metal forming, 20, 21) and the present result may relate to this effect. Further assessment and discussion of the effect of hydrostatic pressure on formability are left as future studies.
Conclusion
A crystal plasticity model taking into account the hydrostatic pressure dependence is presented and combined with the homogenization-based finite element method for a polycrystal analysis. The proposed model quantitatively reproduces the S-D effect observed experimentally. In contrast, the Taylor-type polycrystal model overestimates the flow stress despite qualitatively reasonable results. This difference mainly results from the ability of the proposed model to represent the strong inhomogeneity of hydrostatic pressure distribution at the crystalline scale. Computed plastic work contours show anisotropic and isotropic hardening in the compression and tension regions, respectively. A forming limit analysis suggests that imposing high pressure may enhance the formability of materials exhibiting hydrostatic pressure dependence.
